Four numbers in a rectangular array can be interpolated by the bilinear equation. If the numbers are positive, they can be interpolated by a new bi-cubic equation. The array can be interpolated by eight new fourth-degree equations. The positive squareroots of the fourth-degree equations are new bi-quadratic equations that are applicable to the analysis of the same four-point arrays. The new equations are suitable for the analysis of two-parameter laboratory experiments.
Introduction
The bilinear equation is the principal instrument for the interpolation of four numbers in a rectangular array. Several years ago, a new equation appeared for the interpolation of four positive, bilinear numbers in rectangular array. The new equation is also exact on the squares of the original bilinear numbers [1] .
A cubic equation for four positive numbers in a rectangular array
Let the letters A, B, C, D define a four-point rectangle as in Fig. 1 . The coordinates of vertices A, B, C, and D are (-1,-1), (1,-1), (-1,1), and (1,1) respectively. The distance between any vertex and its two nearest neighbors is two units. Randomly chosen points within the rectangle can have two positive coordinate numbers, or two negative coordinate numbers, or one positive and one negative coordinate number. If numbers at vertices A, B, C, and D are 9 3 , 7 3 , 3 3 , 1 3 , respectively, the rectangle in Fig. 1 can be interpolated by the expression z = (5-x-3y) 3 . The expansion of this expression has four positive terms and six negative terms. The proliferation of signs invites mistakes when applying polynomial equations of degree 3 or higher degrees.
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For the sake of simplicity, let a new coordinate system be selected: 0 .. 2 in the xdirection, and 0 .. 2 in the y-direction. In the new coordinate system, vertices A, B, C, D in Fig. 1 have (x,y) coordinates (0,0), (2,0), (0,2), and (2,2), respectively. This choice of coordinates continues the tradition of two units of distance between nearest vertices in the four-point rectangle. The alternative system has the advantage that it eliminates the proliferation of sign changes in polynomial interpolation equations. It is also suggests new interpolation methods.
In the new coordinate system, the general form of a cubic equation for the four-point rectangle is Eq. (1). It has three unknowns: (xc), (yc), and (xyc). 
Equations for the four-point rectangle
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The preceding equations are now multiplied by the number assigned to the vertex A in Fig. 1 . In this case, that number is 1, so Eqs. (19)- (26) 
Discussion
The positive square roots of Eqs. (27)-(34) are eight bi-quadratic interpolation equations for the four-point rectangle. One of these equations, derived from Eq. (29), is the same result as obtained by operational methods applied to the same data. See Eq. (7) in [1] and the discussion following that equation. This observation implies the preceding methods are potentially more fertile than methods that are based on applied operational calculus [2, 3] . However, one example is not a satisfactory basis for generalizations.
The equations illustrated herein, including the positive square roots of equations containing the exponent 4, can be plotted and the resulting surfaces examined for their properties. Plots of response surfaces are useful for deciding which member of a group of interpolation equations is likely to be a good choice for representing laboratory measurements.
Conclusion
Let four positive numbers define a rectangle. Many such rectangles can be interpolated by second-, third-, or fourth-power polynomial equations. That idea is an advance over the widespread impression that the bilinear equation is the singular instrument for interpolating a four-point rectangle. The new equations provide a variety of response surfaces for four-point rectangles defined by positive numbers. The alternative equations can also render curvature estimations. The bilinear equation cannot do that.
